
1- Recall the Lagrangian you used to derive geodesic equations. Show that L is constant along any geodesics. i.e. that
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for xµ(τ) a solution of the geodesic equation. What is the symmetry that by Noether’s theorem, gives rise to this constant of motion?

2 -The covariant derivatives of a covector field Aµ and a (0, 2) tensor Bµν field are:

∇µAν = ∂µAν − Γλ
µνAλ (1)

∇λBµν = ∂λBµν − Γρ
λµBρν − Γρ

λνBµρ

(a) Show that, even though ∂µAν is not a tensor (which is why the Γ-term is required in∇µAν), the curl (or rotation) ∂µAν − ∂νAµ

is a tensor, then show that the covariant curl of a covector is equal to its ordinary curl,

∇µAν −∇νAµ = ∂µAν − ∂νAµ

This provides an alternative argument for the fact that ∂µAν − ∂νAµ is a tensor.
(b) Show that the covariant derivative of the metric is zero, ∇λgµν = 0.
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by assuming that the quantity defined by
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has the tensor character indicated. Take the partial derivative of
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with respect to x′ν to establish the alternative form:
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2 and 4 are equivalent.

4- [d’inverno 6.5] assuming 3 and ∇αφ = ∂αφ apply the Leibniz rule to covariant derivative of AµA
µ, where Aµ is arbitrary to

verify1.

5- [Carroll 3.5] Consider a 2-Sphere with coordinates (θ, φ) and metric:

ds2 = dθ2 + sin2 θdφ2

Show that the line of constant longitude (φ = constant) are geodesics, and that the only line of constant latitude (θ = constant) that is
a geodesic is the equator (θ = π/2).


